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We investigate the potential of the surface states of 3D nodal-line semimetals to produce surface
and 3D quantized Hall effects in which the electronic currents flow unidirectionally along the surface
of the material. This phenomenology is based on the fact that, irrespective of its orientation, a strong
magnetic field gives rise to a zero Landau level with huge 2D degeneracy of states in the nodal-line
semimetal. When the magnetic field is perpendicular to the plane of the nodal line, we show that the
evanescent states within the nodal ring are transmuted into Landau surface states which correspond
to exceptional points, i.e. branch points which arise upon extension of the spectrum to complex
values of the momentum. These Landau surface states are then topologically protected, as the
branch cuts in the complex plane lead to a spectrum with the topology of a torus which cannot
be modified by smooth perturbations. When the magnetic field is parallel to the nodal ring, we
find instead that the evanescent waves are paired inside the bulk of the semimetal, leading to a
3D quantum Hall effect in which Landau states extended over 2D slices of the 3D bulk form a flat
level, but start to get some dispersion as they approach the surface of the material. We show that,
for both orientations of the magnetic field, the transverse Hall conductivity is quantized in units of
e2/h, with very large values of the Chern number which afford very high conductivities along the
surface of the 3D material.
Introduction.— Currently, there is a huge interest in
the new family of 3D topological semimetals which in-
clude Dirac and Weyl semimetals with isolated Dirac or
Weyl nodes in the band structure [1–4], and the nodal-
line semimetals with a continuous line of nodes in the
Brillouin zone [5, 6]. There are already several experi-
mentally established examples of topological nodal-line
semimetals including PbTaSe2 [7], PtSn4 [8], and ZrSiS
[9]. Apart from the theoretical interest, as their low-
energy excitations behave as relativistic fermions, they
exhibit very interesting features like the presence of a
2D manifold of surface states forming nearly flat or very
narrow bands, with the potential for the development of
very strong correlation[10].
Another relevant instance leading to a large degeneracy
of electronic states arises in low-temperature 2D samples
in the presence of strong magnetic field, where the Hall
conductivity can be quantized as first discovered by Von
Klitzing et al. [11]. The explanation of this phenomenon
is the paradigmatic example of application of topological
concepts in condensed matter physics. The integer values
dictating the quantization of the Hall conductivity can be
written in terms of topological invariants known as Chern
numbers, closely related to Berry phases [12].
As long as the 2D quantum Hall effect is supported
by boundary states, it turns out quite interesting to ask
about the new physical effects which may arise from the
plethora of surface states of a 3D nodal-line semimetal in
a strong magnetic field. In this setting, it becomes rele-
vant to investigate whether the manifold of surface states
may build a quantized 3D Hall effect, and the kind of
boundary states which may support the electronic trans-
port in the 3D material.
Several studies have investigated the effect of a strong
magnetic field in 3D semimetals [13, 14]. It has been pro-
posed for instance that closed orbits can be formed in the
bulk by connecting the Fermi arcs at opposite surfaces of
3D Weyl semimetals [15]. In the case of the nodal-line
semimetals, it has been shown the possibility of having a
zero-energy level and Landau bands following a pattern
similar to that of Dirac fermions [16].
In this paper, we unveil the potential of the 3D nodal-
line semimetals to support a phenomenon which is the
anologue of the 2D quantum Hall effect but promoted to
a higher spatial dimension. We are going to see that, for
different orientations of the magnetic field, there are 3D
slab geometries where all the low-energy bulk states of
the semimetal are localized while only the surface states
contribute to the electronic transport. We can interpret
this phenomenon as the conversion of the 3D nodal-line
semimetal into a kind of topological insulator, with an
orientation of the electronic currents along the surface
which is dictated by the direction of the magnetic field
(as shown schematically in Fig. 1).
FIG. 1. Schematic plot of the surface electronic currents in a
slab of 3D nodal-line semimetal for two orthogonal directions
of the magnetic field.
2The reason for this conversion into a 3D quantum
Hall system lies in the microscopic features of the sur-
face states in the 3D nodal-line semimetals. Such states
are evanescent waves with a pseudospin degree of free-
dom which can take opposite values at opposite faces of
a slab geometry. This pseudospin is preserved when the
magnetic field is perpendicular to the nodal ring, in such
a way that the evanescent waves remain stabilized in a
zero-energy level with huge 2D degeneracy (in momen-
tum space) arising from the collapse down to zero-energy
of a large number of 2D-like Landau levels. The evanes-
cent waves of the semimetal are then transmuted into
Landau surface states, which may get dispersion due to
effects of lateral confinement (as in the slab geometry in
Fig. 1).
We will see that there is a deep reason for the topolog-
ical protection of the Landau surface states in the zero-
energy level of the nodal-line semimetals. Such states
correspond to exceptional points, i.e. branch points
which arise upon extension of the spectrum to complex
values of the momentum [17, 18]. The Landau surface
states are then topologically protected, as the branch cuts
in the complex plane lead to a spectrum with the topol-
ogy of a torus (as represented in Fig. 2) which cannot be
modified by smooth perturbations. It is useful to remark
that the Fermi arcs in Weyl semimetals and the drum-
head states of nodal-line semimetals can also be described
through exceptional points [19], as well as other rotating
surface states appearing in Dirac and Weyl semimetals
upon illumination by circularly polarized light [20].
FIG. 2. Spectrum of a nodal-line semimetal for complex mo-
menta kz + iα (kz being perpendicular to the nodal ring)
showing two branch cuts which connect exceptional points
corresponding to evanescent zero-energy modes with opposite
decay (±α) along the direction kz.
Quite remarkably, we find that a magnetic field paral-
lel to the nodal ring has the effect of pairing the evanes-
cent waves inside the bulk of the semimetal, leading to
states that reside in quasi-2D slices parallel to the mag-
netic field. This constitutes then a perfect 3D version of
a quantum Hall effect, in which the states with such a
2D extension form a flat level in the bulk but start to
get some dispersion as they approach the surface of the
semimetal. This explains that the electronic transport
takes place through surface states which are the ana-
logue of the edge excitations for this kind of 3D Hall
effect (as shown in the scheme of Fig. 1). We will see
that in this case, as well as when the magnetic field is
perpendicular to the nodal ring, the transverse Hall con-
ductivity is quantized in units of e2/h as σij = Ne
2/h,
with very large values of the Chern number N which
afford very high conductivity along the surfaces of the
nodal-line semimetal.
Surface Hall effect.— Our starting point is a contin-
uum model of nodal-line semimetal, whose suitability is
well documented from the description of the compounds
of the CaP3 family [21]. In a system of units in which
~ = 1 (we recover fully dimensional units when discussing
conductance in terms of the conductance quantum e2/h)
the Hamiltonian is given by
HNL = (m0 +m1∇
2)σz − iv∂zσx (1)
where σi (i = x, y, z) stand for the Pauli matrices. In
terms of the 3D momentum k, the model displays two
bands with energy
ε = ±
√
(m0 −m1k2)2 + v2k2z (2)
We find a line of nodes where the two bands meet in
the plane kz = 0, corresponding to the circular set
k2x + k
2
y = m0/m1. A remarkable feature is that the
projection of the nodal ring onto a given surface leads to
a so-called drumhead, filled by surface states forming in
general nearly flat or very narrow bands.
In the presence of a magnetic field in the z direction
(perpendicular to the plane of the nodal line), the vector
potential can be written as A = (−By, 0, 0). Setting
units in which e = 1 and c = 1, the Hamiltonian of the
nodal line semimetal becomes
H⊥ =
[
m0 +m1
(
−(−i∂x −By)
2 + ∂2y + ∂
2
z
)]
σz−iv∂zσx
(3)
The eigenstates in the bulk of the semimetal are given
in terms of the eigenfunctions of a harmonic oscillator
centered at y = kx/B, with energy eigenvalues
εn = ±
√
[m0 −m1k2z − 2m1B(n+ 1/2)]
2 + v2k2z , (4)
where n ≥ 0 is the Landau level index.
It is interesting the search of evanescent states decaying
from a 2D boundary of the semimetal (at z = 0) as
Ψ ∼ eikzze−αzχ(x, y) (5)
This converts the eigenvalue problem into the equation[
m0 −m1
(
2B(n+ 1/2) + k2z − α
2 + 2ikzα
)]
σzχ
+v(kz + iα)σxχ = εχ (6)
A zero-energy eigenvalue can be obtained by taking χ
such that σyχ = χ. Then, in the model with 4m0m1 >
v2, Eq. (6) admits a solution with α = v/2m1 and values
of kz given by
kz =
√
m0
m1
− 2B(n+ 1/2)− α2 (7)
3Otherwise, in the model with 4m0m1 < v
2, the zero-
energy evanescent states correspond to kz = 0 and values
of α given by
α =
v ±
√
v2 − 4m1(m0 −m12B(n+ 1/2))
2m1
(8)
This construction reveals that, in the presence of a
magnetic field perpendicular to the plane of the nodes,
the drumhead surface states are converted into Lan-
dau states decaying from the surface of the nodal-line
semimetal. In general, this transmutation leads to the
collapse of a great number of Landau levels down to zero
energy. This degeneracy applies to Landau levels with
order n such that m0−2m1B(n+1/2) > 0, up to a max-
imum value beyond which the conditions of evanescence
(7) and (8) cannot be fulfilled.
The band structure for a slab of width W = 40 nm
(in the z direction) in a magnetic field with B = 30 T is
represented in Fig. 3. The plot illustrates the huge de-
generacy of Landau states in the zero-energy level, which
may include in general the superposition of a large num-
ber of Landau levels with different order n.
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FIG. 3. Band structure for a slab of nodal-line semimetal
of width W = 40 nm (lateral dimension ∆y = 40 nm), for
parameters m0 = 1.2 eV, m1 = 1.0 eV nm
2, v = 0.5 eV nm,
and magnetic field (perpendicular to the nodal ring) B = 30
T. The energy is measured in eV and the momentum in nm−1.
An important feature of the surface Landau states is
that they are topologically protected by the complex
structure developed upon extension of the momentum
to complex values kz + iα. The surface Landau states
correspond to exceptional points in the spectrum of the
Hamiltonian, which are identified as square-root singu-
larities in the complex plane (kz , α). This can be seen in
Fig. 2, which shows the Riemann sheet of the spectrum
of a nodal-line semimetal for n = 0. The complex struc-
ture has two branch cuts endowing the spectrum with
the topology of a torus, which cannot be altered unless
the branch cuts are closed by pair-wise annihilation of
the exceptional points.
The total number of exceptional points can be indeed
controlled with the strength of the magnetic field B. In
the model with 4m0m1 > v
2 (that corresponds to a type
A nodal-line semimetal according to the classification put
forward in Ref. [19]), there is a series of branch cuts
across the real axis kz , of the same type as those shown
in Fig. 2. These branch cuts can be moved towards
the imaginary axis by increasing the value of B. When
a couple of exceptional points with opposite values of α
reach that axis, they continue moving towards the origin,
until they coalesce and mutually annihilate. This pro-
cess can be repeated for all the branch cuts, leading to
the disappearance of all the exceptional points (and the
associated surface Landau states) at a sufficiently large
magnetic field with B > m0/m1. For a type B nodal-line
semimetal with 4m0m1 < v
2, there is a similar process,
although the branch cuts start running along the imag-
inary axis, and the Landau states disappear again for
B > m0/m1.
The surface Landau states may support a quantum
Hall effect in the 3D semimetal, with surface currents
along the vertical boundary of a slab with finite horizon-
tal dimension ∆y as shown in Fig. 1. It is worthwhile
to note that the evanescent solutions obtained from Eq.
(6) (valid in the limit of infinite depth W along the z di-
rection) cannot carry a current along the x direction, as
the current operator is given by jx = −2m1(kx −By)σz
while the evanescent waves are eigenstates of σy. How-
ever, this does not hold in the case of a slab with finite
width W , as the two evanescent waves attached to oppo-
site faces of the slab start to hybridize when approaching
the boundaries of the lateral dimension ∆y. This ex-
plains the dispersion of the bands from the zero-energy
Landau level in Fig. 3, which implies a nonvanishing
current as 〈jx〉 = ∂ε/∂kx. The N -fold degeneracy of
the zero-energy level leads then to a transverse Hall con-
ductivity σxy = N(e
2/h), where the number of channels
may be as large as N ∼ 30 for B = 10 T and parameters
m0 ∼ 1 eV, m1 ∼ 1.0 eV nm
2.
3D Hall effect.— We consider now the case in which
the magnetic field is parallel to the plane of the nodal
line, taking for definiteness a constant field pointing in
the y direction. The vector potential can be chosen as
A = (Bz, 0, 0) and the Hamiltonian reads in that gauge
H‖ =
[
m0 +m1
(
−(−i∂x +Bz)
2 + ∂2y + ∂
2
z
)]
σz−iv∂zσx
(9)
In this case, the most interesting effects manifest again
in a slab with finite width W in the z direction. In this
geometry, there is a huge set of eigenstates forming a Lan-
dau level with virtually zero energy. Quite remarkably,
those states are localized at different 2D slices within the
bulk of the slab. A typical shape of wave function along
the z direction for a state in the zero Landau level can
be seen in Fig. 4. The localization of the state in the
bulk can be moved by varying the momentum kx, which
shifts the position of the slice within the slab.
The unconventional character of the quasi-2D states
in the bulk is remarked by the fact that they arise from
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FIG. 4. Plot of the wave function along the direction per-
pendicular to the nodal ring (zoom view) showing (a) the
imaginary part of the first component (as Re(χ1) = 0), and
(b) the real part of the second component (as Im(χ2) = 0)
of a state with kx = ky = 0 in the zero Landau level of a
nodal-line semimetal with m0 = 2.0 eV, m1 = 1.5 eV nm
2,
v = 0.5 eV nm, and magnetic field (parallel to the nodal ring)
B = 30 T.
the superposition of two waves, both evanescent along z
but with opposite orientations. The possibility of hav-
ing those waves can be realized from inspection of the
eigenvalue problem (for kx = ky = 0)
[
m0 +m1
(
∂2z −B
2z2
)]
σzχ− iv∂zσxχ = εχ (10)
Eq. (10) looks like a Dirac equation for massive fermions
in which the magnetic field provides a confining potential.
Thus, the potential well gives rise to two domain walls
(turning points) along the z direction which are able to
pin the evanescent waves, leading to localized eigenstates
within the gap opened by the mass in the Dirac spectrum.
It can be checked that the highly degenerate level at
virtually zero energy arises from the collapse of a large
number of flat bands corresponding to different values
of the momentum ky. This is represented in Fig. 5,
where we can see the band structure for a slab of width
W = 60 nm in the z direction, under a magnetic field
with B = 30 T. The momentum kx is used in the plot
to label the states in each of the bands, which ultimately
start to disperse when the quasi-2D slices supporting the
states approach the faces of the slab.
We can make contact at this point with the correspon-
dence between evanescent waves and exceptional points
of the previous section. In this respect, the pairing of the
two evanescent waves in each quasi-2D slice can be viewed
as a binding of exceptional points with opposite values
±α of the imaginary part of the momentum. In this case,
the evanescent waves in each pair are subjected to inter-
action, which can be amplified modifying the values of
kx and ky, bringing for instance the pair of evanescent
waves closer to the faces of the slab. Indeed, the en-
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FIG. 5. Band structure for a slab of nodal-line semimetal
of width W = 60 nm (lateral dimension ∆y = 60 nm), for
parameters m0 = 0.5 eV, m1 = 0.5 eV nm
2, v = 0.5 eV nm,
and magnetic field (parallel to the nodal ring) B = 30 T. The
units are the same as in Fig. 3.
ergy of a localized state in the bulk is never exactly zero
(though being very small) due to the binding of the two
evanescent waves. Increasing the field strength B brings
also closer the evanescent waves which are paired in the
state, raising its energy gradually until it gets a sensible
nonvanishing value. Thus, for very large magnetic fields
(with B & 60 T), a gap opens up in the zero Landau
level and the massive degeneracy is lost.
It is remarkable that the huge degeneracy of the zero
Landau level affords a quantization of the Hall conduc-
tivity along the opposite faces of the slab. This can be
shown by observing that the current density along the x
direction, jx = −2m1(kx+Bz)σz, is given by the deriva-
tive ∂H‖/∂kx. Thus, the current of each state across the
whole section of the slab (for a finite lateral dimension
∆y) is given in terms of the dispersion ε(kx) by
1
W
1
∆y
∫
dydz χ†jxχ =
∂ε
∂kx
(11)
Considering the situation in which the Fermi level is right
above the zero Landau level, we obtain the intensity Ix
along the x direction by integrating over all the filled
states in the bands dispersing from zero energy. We get
(reinstating at this point ~ in the equations)
Ix =
e
~
∫
filled states
dkx
2pi
∂ε
∂kx
(12)
The integral at the right-hand side of (12) is nothing but
the difference between the respective chemical potentials
ε+, ε− at the two opposite faces of the slab, times the
degeneracy N of the zero Landau level. Therefore, we
5have Ix = N(e/h)(ε+− ε−) and the transverse Hall con-
ductivity σxz = N(e
2/h), making clear that this is built
entirely from the currents carried by the quasi-2D states
at opposite surfaces of the slab.
Conclusions.— We have shown that, under a strong
magnetic field, a 3D nodal-line semimetal enters a topo-
logical insulating phase in which the low-energy states in
the bulk do not contribute to the conductivity and all
the electronic transport takes place at the surface of the
material.
In the 3D quantum Hall effect we have unveiled, a key
feature is the presence of a zero Landau level with huge
degeneracy, implying a very high but quantized Hall con-
ductivity σij = N(e
2/h) with large values of the Chern
number N . When the magnetic field is parallel to the
nodal ring, N increases linearly with the width of the
surface, typically at a rate of a new channel per each
few nanometers along the section of the surface. Thus,
it should be possible to create a macroscopic surface cur-
rent with N & 100 in samples of micron scale.
A most remarkable effect of the predicted topological
insulating phase is that the orientation of the surface cur-
rents is dictated exclusively by the direction of the mag-
netic field. In this setup, currents can only flow unidirec-
tionally along opposite surfaces of the 3D material, as a
reflection of surface states which are immune to backscat-
tering, and showing at work the topological protection of
the 3D Landau states from the nodal-line semimetal.
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